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Abstract
We prove a version of Sandon’s conjecture on the number of translated points of contactomorphisms
for the case of a prequantization bundle over a closed monotone toric manifold. Namely we show
that any contactomorphism of this prequantization bundle lying in the identity component of the
contactomorphism group possesses at least N translated points, where N is the minimal Chern number
of the toric manifold. The proof relies on the theory of generating functions coupled with equivariant
cohomology, whereby we adapt Givental’s approach to the Arnold conjecture for rational symplectic
toric manifolds to the context of prequantization bundles.
1 Introduction and result
1.1 The main result
A major driving force in symplectic topology is the celebrated Arnold conjecture [Arn65]:
The number of fixed points of a Hamiltonian symplectomorphism of a closed symplectic manifold is at
least the number of critical points of a smooth function.
While in general diffeomorphisms and even symplectomorphisms have far fewer fixed points, it has now
been proved in full generality in a homological version using Floer homology (see for instance [Flo89],
[HS95], [Ono95], [LT98], [Ono99]): on any closed symplectic manifold (M,ω), non-degenerate Hamilto-
nian symplectomorphisms have at least dimH∗(M,Q) fixed points. Results were also obtained about
general, not necessarily non-degenerate Hamiltonian symplectomorphisms, by Oh [Oh90], Schwarz
[Sch98], and Givental [Giv95]. The present paper is closer in spirit to the latter results.
The analogue of the Arnold conjecture in contact topology was introduced by S. Sandon [San13].
Recall that a cooriented contact manifold 1 is a pair (V, ξ), where V is an odd-dimensional manifold,
and ξ is a maximally non-integrable cooriented hyperplane field, called a contact structure. A
contactomorphism of (V, ξ) is a diffeomorphism preserving ξ and its coorientation. Since contact
manifolds are odd-dimensional, in general contactomorphisms have no fixed points. Instead, Sandon
[San11] introduced the notion of translated points. To define it, fix a contact form α, which is a
1-form such that ξ = kerα and dα|ξ is non-degenerate. The Reeb vector field Rα of α is defined by
α(Rα) = 1 and ιRαdα = 0,
and its flow is denoted {φtα}t∈R. Given a contactomorphism φ, a point x ∈ V is called an α-translated
point of φ if x and φ(x) belong to the same Reeb orbit and if moreover φ preserves the contact form
α at x:
∃ s ∈ R such that φ(x) = φsα(x) and (φ
∗α)x = αx.
We let Cont(V, ξ) be the group of contactomorphisms of (V, ξ) and Cont0(V, ξ) its identity component.
1In this paper we will simply say contact manifold.
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Conjecture ([San13], Conjecture 1.2). Let (V, ξ) be a closed contact manifold, and φ ∈ Cont0(V, ξ).
For any choice of contact form α, the number of α-translated points of φ is at least the number of
critical points of a function.
A symplectic manifold (M,ω) is called monotone if the cohomology class of its symplectic form is
positively proportional to the first Chern class c of M . We denote NM the minimal Chern number
of M , that is the positive generator of 〈c,H2(M,Z)〉 ⊂ Z. A toric manifold (M
2d, ω,T) is a symplectic
manifold endowed with an effective Hamiltonian action of a torus T of dimension d. A prequanti-
zation space over a symplectic manifold (M,ω) is a contact manifold (V, ξ := kerα) along with a
principal S1-bundle π : (V, α)→ (M,ω) such that π∗ω = dα, and the Reeb vector field Rα induces the
free S1-action on V , where S1 = R/~Z, ~ > 0 being the minimal period of a closed Reeb orbit. Our
main result is the following.
Theorem 1.1.1. Let (M,ω) be a closed monotone toric manifold different from CPn. There exists
a natural prequantization space (V, ξ := kerα) over (M,ω) such that any φ ∈ Cont0(V, ξ) has at least
NM α-translated points.
Sandon’s conjecture was previously established for numerous prequantization spaces over CPn: for the
standard contact sphere S2n+1 and real projective space RP 2n+1 in [San13], and later for all lens spaces
in [GKPS17]. Note that CPn is monotone, however we will see that in this setting our arguments do
not apply. The existence of translated points was also obtained in other contexts, for instance in
[AM13], [She17], and [MN18].
Our approach to Theorem 1.1.1 is based on the theory of generating functions and equivariant
cohomology, as developed by A. Givental [Giv95]. In the next section, we will give an overview of the
constructions and of the proof of Theorem 1.1.1.
1.2 Overview of the paper and proof of the theorem
Generating functions were extensively used in the eighties and nineties by numerous authors (see for
instance [Sik85], [Giv90], [Giv95], [The95], [The98]). They provide a powerful tool when the manifold
can be obtained somehow from a symplectic vector space. In [Giv95], Givental used this approach
along with equivariant cohomology to establish the Arnold conjecture for rational toric manifolds. A
symplectic manifold (M,ω) is called rational if the cohomology class [ω] of its symplectic form lies
in the image of the natural homomorphism H2(M,Z)→ H2(M,R). Note that a symplectic manifold
is the base of a prequantization space if and only if it is rational, and that a monotone symplectic
manifold is in particular rational.
We explain here the main lines of our construction. The reader shall notice that although Theorem
1.1.1 is proved over monotone toric manifolds, the construction itself carries over for a natural prequan-
tization space which is defined over any closed rational toric manifold (M,ω). We begin by viewing
M as a symplectic reduction of the standard symplectic vector space Cn by the Hamiltonian action
of a torus K ⊂ Tn := (S1)n. Based on a procedure of Borman-Zapolsky [BZ15], the prequantization
space (V, ξ := kerα) over (M,ω) is then obtained by contact reduction of a contact sphere in Cn by
the action of a codimension 1 subtorus K0 ⊂ K. Given a contact isotopy {φ
t}t∈[0,1] of V , we then lift
it up to an R>0 and K0-equivariant Hamiltonian isotopy {Φ
t}t∈[0,1] of C
n, thus reducing the problem
of finding translated points on V to a problem on a symplectic vector space. This procedure is carried
out in sections 3.1 and 3.2.
In sections 3.3 - 3.6, we mainly follow [Giv95]. We first decompose the isotopy {Φt}t∈[0,1] into 2N1
Hamiltonian symplectomorphisms Φ1 = Φ2N1 ◦ ...◦Φ1 which are close to IdCn . Taking the torus action
into account, we come to the definition of a family of generating functions
FN : C
2nN × ΛN → R, F
(N)
λ := FN (., λ), N ≥ N1,
2
parametrized by compact subsets ΛN ⊂ Lie(K) that exhaust the Lie algebra Lie(K) of K when N →∞.
Each F
(N)
λ is K0-invariant and homogeneous of degree 2 with respect to R>0. The key observation is
that certain critical points of F
(N)
λ correspond to translated points of the time 1 map φ
1 on V . Let
SN ⊂ C
2nN denote the unit sphere. For any real number ν ∈ R, we consider the following sets:
F−N (ν) := {(x, λ) ∈ SN × ΛN : FN (x, λ) ≤ 0 and p(λ) = ν}, ∂F
−
N (ν) := F
−
N (ν) ∩ (SN × ∂ΛN ), (1)
where p = [ω] denotes the cohomology class of the symplectic form ω, viewed as an linear function on
Lie(K) (see Remark 3.1.1). By construction, the torus K0 has k0 := ker p ⊂ Lie(K) as its Lie algebra.
When ν is generic, we construct natural homomorphisms of K0-equivariant relative cohomology groups
over the field C:
H∗+2nNK0 (F
−
N (ν), ∂F
−
N (ν))→ H
∗+2nN ′
K0
(F−N ′(ν), ∂F
−
N ′(ν)), N ≤ N
′.
In the limit N →∞, we obtain a cohomology group
H∗K0(F
−(ν)) := lim
N→∞
H∗+2nNK0 (F
−
N (ν), ∂F
−
N (ν))
naturally associated with the Hamiltonian isotopy {Φt}t∈[0,1]. This group comes along with certain
structures. First, one can define similar sets as in equation (1) without restricting the generating
functions to the sphere SN (so they are subsets of the product C
2nN × ΛN ). The latter contract onto
ΛN ∩ p
−1(ν) and ∂ΛN ∩ p
−1(ν) respectively, and by the same limit process as above, one obtains a
cohomology group which is independent of ν and the isotopy {Φt}t∈[0,1]. Let us denote it R0. One
then easily sees that there is a natural homomorphism called the augmentation map
R0 →H
∗
K0
(F−(ν)).
Moreover, the groups H∗K0(F
−(ν)) are endowed with the Novikov action of H2(M,Z):
m.H∗K0(F
−(ν)) = H
∗+2c(m)
K0
(F−(ν + p(m))), m ∈ H2(M,Z),
where c is the first Chern class of M (see equation (2) below). Let us denote J ∗K0(F
−(ν)) the kernel of
the augmentation map, and describe the restriction of the Novikov action to it. Let k denote the Lie
algebra of the torus K, kZ := ker(exp : k → K) the kernel of the exponential map, and ι : k →֒ R
n the
inclusion of k into Rn ≃ Lie((S1)n). There are natural isomorphisms
H2(M,Z) ≃ kZ and H
2(M,Z) ≃ k∗Z, (2)
under which the first Chern class of M writes
c(m) =
n∑
j=1
mj, where ι(m) = (m1, ...,mn).
We denote H∗Tn(pt) and H
∗
K0
(pt) the singular cohomology of the classifying spaces BTn and BK0
respectively. The cohomology groups R0, H
∗
K0
(F−(ν)), and J ∗K0(F
−(ν)) are naturally endowed with
the structure of H∗K0(pt)-modules, and therefore with that of H
∗
Tn(pt)-modules under the natural
homomorphism
H∗Tn(pt)→ H
∗
K0
(pt).
Note that the cohomology H∗Tn(pt) is naturally isomorphic to the ring C[u1, ..., un] of regular functions
on Cn, while H∗K0(pt) is a quotient of this ring, namely the ring of regular functions on k0 ⊗ C.
From now on, we assume that M 6= CPn. This implies in particular that H∗K0(pt) 6= {0} (if
k0 = {0}, then K0 = {pt} and K = S
1, in which case M = CPn). Note that by compactness of M , the
above homomorphism sends any monomial ui to a positive degree element in H
∗
K0
(pt).
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A key novelty in this paper is the use of a Gysin-type long exact sequence for equivariant cohomology
(section 4), relating our cohomology groups H∗K0(F
−(ν)) to the ones constructed by Givental in [Giv95].
Using this sequence, we will see thatR0 can be viewed as the ring of regular functions on the intersection
(k0⊗C)∩ (C
×)n, where (C×)n is the complex torus. The kernel J ∗K0(F
−(ν)) of the augmentation map
is then a submodule of this ring, and one can interpret the Novikov action on J ∗K0(F
−(ν)) as follows.
Let
C[u1, ..., un, u
−1
1 , ..., u
−1
n ]
be the ring of regular functions on (C×)n. Then the Novikov action on J ∗K0(F
−(ν)) is given by the
multiplication by um11 ...u
mn
n :
m.J ∗K0(F
−(ν)) = um11 ...u
mn
n J
∗
K0
(F−(ν)) ≃ J
∗+2c(m)
K0
(F−(ν + p(m)), m ∈ H2(M,Z), (3)
where um1 ...u
mn
n is identified with its image under the natural ring homomorphism from the regular
functions on (C×)n to those on (k0 ⊗ C) ∩ (C×)n.
Consider now two generic numbers ν0 ≤ ν1. There is a natural homomorphism
H∗K0(F
−(ν1))→H
∗
K0
(F−(ν0)).
Recall the contact analogue of the action spectrum: given a contactomorphism φ of a contact manifold
(V, ξ), the translated spectrum (or simply spectrum) of φ is the set
Spec(φ) := {s ∈ R : ∃ x ∈ V, x is a translated point of φ with φ(x) = φsα(x)}. (4)
Note that on a prequantization space, the spectrum of any contactomorphism is periodic of period
~. In the sequel we assume that ~ = 1, which is equivalent to p being a primitive integral vector
in k∗Z. Let us denote φ := φ
1 the time 1 map of the original contact isotopy of V . The cohomology
groups H∗K0(F
−(ν)) and the translated points of φ are related by the two following analogues of [Giv95,
Propositions 6.2, 6.3], which are proved in section 3.6.
Proposition 1.2.1. Suppose that [ν0, ν1]∩Spec(φ) = ∅. Then the homomorphism above is an isomor-
phism
H∗K0(F
−(ν1)) ≃ H
∗
K0
(F−(ν0)).
Proposition 1.2.2. Suppose that the segment [ν0, ν1] contains only one value ν ∈ Spec(φ), which
corresponds to a finite number of translated points. Let v ∈ H∗K0(pt) be an element of positive degree,
and q ∈ R0. Suppose that q ∈ J
∗
K0
(ν0). Then vq ∈ J
∗
K0
(ν1).
In other words, the image of the augmentation map R0 →H
∗
K0
(F−(ν1)) cannot "differ too much" from
that of R0 → H
∗
K0
(F−(ν0)). Similar statements (in finite dimensional settings) are used for instance
in [The98, Proposition 5.2 (c)], [Giv90, section 8], and [GKPS17, Proposition 4.8].
We now assume that (M,ω) is monotone. Since p is primitive, we have
p =
c
NM
.
We will see in section 5 that, in this situation, the kernel J ∗K0(F
−(ν)) admits in some sense elements
of minimal degree:
Proposition 1.2.3. There exists q ∈ R0, such that q /∈ J
∗
K0
(F−(ν)), but uiq ∈ J
∗
K0
(F−(ν)) for all
i = 1, ..., n.
Remark 1.2.1. Note that in the above proposition the monotonicity assumption cannot be lifted,
since in general, it can happen that J ∗K0(F
−(ν)) = R0. This is the reason why the proof of Theorem
1.1.1 does not work in this case. Note also that if M was the complex projective space CPn, the ring
R0 would be trivial, since we would have k0 = {0}, and in particular J
∗
K0
(F−(ν)) = {0}, so the above
statement would not hold either.
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The above discussion allows us to prove our main result, Theorem 1.1.1.
Proof. (Theorem 1.1.1) We adapt the proof of [Giv95, Theorem 1.1] to the contact setting. Consider
the prequantization space (V, ξ := kerα) constructed by the procedure described above. Let {φt}t∈[0,1]
be a contact isotopy of V . For any generic ν ∈ R, we have a cohomology group H∗K0(F
−(ν)), and the
kernel J ∗K0(F
−(ν)) of the augmentation map satisfies Proposition 1.2.3. Suppose that ν /∈ Spec(φ).
Since Spec(φ) is periodic of period 1, it is enough to count the number of elements of Spec(φ) between
ν and ν + 1. To every such element corresponds at least one α-translated point of φ on V . Therefore,
to one α-translated point of φ there correspond l elements of the spectrum between ν and ν+ l, where
l ∈ Z>0. Assume that φ has a finite number of α-translated points (otherwise the statement is trivial).
Let m ∈ kZ \ {0} such that ι(m) = (m1, ...,mn) ∈ R
n
≥0. Suppose that the number # of elements
in Spec(φ) between ν and ν + p(m) is strictly less than c(m) =
n∑
j=1
mj . Let q ∈ R0 be such that
q /∈ J ∗K0(F
−(ν)), but uiq ∈ J
∗
K0
(F−(ν)) for any i = 1, ..., n. Since # < c(m), Propositions 1.2.1 and
1.2.2 imply that um11 ...u
mn
n q ∈ J
∗+2c(m)
K0
(ν + p(m)). This is precisely the Novikov action (3) of m,
which is an isomorphism
J ∗K0(ν)
u
m1
1 ...u
mn
n
∼
−→ J
∗+2c(m)
K0
(ν + p(m)).
In particular, um11 ...u
mn
n q /∈ J
∗+2c(m)
K0
(ν+p(m)), which is a contradiction. This means that the number
# of elements of Spec(φ) between ν and ν + p(m) is not less that c(m), and thus the number of
α-translated points of φ is not less than NM .
Discussion. In [Giv95], Givental constructed the generating functions as a finite dimensional approx-
imation of action functionals defined on the free loop space of Cn (see [Giv95, section 2]). Following
such an analogy, one could think of the limit H∗K0(F
−(ν)) as a kind of R-filtered Floer cohomology
group associated with the contactomorphism φ. There exist several Floer-type constructions that per-
tain to translated points, see for instance [AM13], [MU17]. Moreover, there are at least two ongoing
projects, by Albers-Shelukhin-Zapolsky and Leclercq-Sandon, concerned with comparable construc-
tions and applications. Note that, even in the symplectic setting of [Giv95], building a precise relation
between Floer homology and the limit of equivariant cohomology groups seems highly complicated, for
Floer’s construction is of much different nature than Givental’s. Still, we observe a similar behaviour,
at least in the study of translated points. In addition, our limit has the very convenient property of
being defined for any contactomorphism in Cont0(V, ξ), and our result holds in this level of generality.
In contrast, all the other constructions use a non-degeneracy condition analoguous to that of the sym-
plectic setting. Another remark is that we currently don’t know if the limit H∗K0(F
−(ν)) is non-trivial
over a non-monotone base. If it is trivial, the above analogy raises the question of the existence of
Floer homology groups for prequantization spaces over non-monotone symplectic manifolds.
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2 Preliminaries
2.1 Fronts and deformation of sublevel sets
The main symplectic ingredient of our construction is a family of generating functions associated
with the lift of a contactomorphism (section 3.3). We will study suitable sublevel sets of these functions,
and more particularly how they behave under certain deformations. We describe here the general
setting and relevant results. This section is added only for the sake of completeness; we strictly follow
[Giv95, section 3], except for some notations that are adapted to this paper. Let F : X × Λ → R be
a family of functions Fλ on a compact manifold X, where Λ is a parametrizing manifold. Suppose
that F ∈ C1,1, that is F is differentiable with Lipschitz derivatives (so that gradient flow deformations
apply), and F is smooth at all points (x, λ) such that x is a critical point of Fλ with critical value zero.
We consider restrictions of F to submanifolds Γ ⊂ Λ with boundary ∂Γ, and look at the sublevel sets
F−Γ := {(x, λ) ∈ X × Λ | λ ∈ Γ, F (x, λ) ≤ 0}, F
+
Γ := {(x, λ) ∈ X × Λ | λ ∈ Γ, F (x, λ) ≥ 0}. (5)
Assume that 0 is a regular value of F . The front of F is defined as
L := {λ ∈ Λ : 0 is a singular value of Fλ}.
It is the singular locus of the projection
F−1(0)→ Λ,
and since F is smooth at all critical points with critical value zero, it is of zero-measure. To understand
its structure, it is convenient to view it as a singular hypersurface in Λ, provided at every point with
tangent hyperplanes (there can be more than one hyperplane at each point). The construction goes as
follows: let N be a smooth neighborhood in X × Γ of the set of critical points of F with critical value
0. The zero set F−1|N (0) ⊂ X × Λ gives rise naturally to a Legendrian submanifold
L := {(x, λ, T(x,λ)F
−1
|N (0)) | (x, λ) ∈ X × Λ} ⊂ PT
∗(X × Λ)
of the space PT ∗(X × Λ) of contact elements. Let P denote the space of vertical contact elements
(also called the mixed space [IAPN01]): a hyperplane H(x,λ) is in P if and only if TxX ×{λ} ⊂ H(x,λ).
Then the intersection Lˆ := L ∩ P projects to a singular Legendrian submanifold Lˆ ⊂ PT ∗(Λ) in the
space of contact elements PT ∗(Λ). The front L is then defined as the projection of Lˆ to the base Λ,
whereas a tangent hyperplane at a point λ ∈ L is an element of Lˆ ∩ PT ∗λ (Λ)
2.
Proposition 2.1.1 ([Giv95] Proposition 3.1). A submanifold Γ ⊂ Λ is transversal to L if and only if
the hypersurface F−1(0) is transversal to X × Γ.
Proof. X×Γ is tangent to F−1(0) at a point (x, λ) ∈ X×Λ if and only if T(x,λ)(X×Γ) ⊂ T(x,λ)F
−1(0),
if and only if T(x,λ)(X × Γ) ⊂ Lˆ, if and only if TλΓ ⊂ Lˆ ∩ PT
∗(Λ).
Corollary 2.1.1 ([Giv95] Proposition 3.2). Let Γt := ρ
−1(t) be non-singular levels of some smooth
map ρ : Γ→ Rm. Then almost all Γt are transversal to L.
The two following propositions can be proved using standard gradient flow deformations.
2The term front comes from the study of wave fronts in geometrical optics. Given a Legendrian submanifold L of a
Legendrian fibration E → B, the front of L is defined as the projection of L to the base B (see [IAPN01, chapter 5]). If
L projects injectively onto its front, the latter is also called the generating hypersurface of L. In our case E = PT ∗(Λ),
and the (singular) Legendrian submanifold Lˆ is the projection of the (singular) intersection L ∩ P ⊂ PT ∗(X × Λ) to
PT
∗(Λ). The zero set F−1(0) ⊂ X×Λ is called a family of generating hypersurfaces for Lˆ. Note that if L was transversal
to P , Lˆ would be an immersed Legendrian submanifold in PT ∗(Λ). In fact, one can show that any immersed Legendrian
submanifold of a space of contact elements can be obtained via such a procedure.
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Proposition 2.1.2. Let F : X×Λ× [0, 1]→ R be a C1,1 family of functions Fs : X×Λ→ R satisfying
similar properties as above. Suppose that for any s ∈ [0, 1], Γ ⊂ Λ and ∂Γ are transversal to Ls. Then
there exists a Lipschitz isotopy I : X × Λ× [0, 1]→ X × Λ such that
Is(F
±
Γ,0, ∂F
±
∂Γ,0) = (F
±
Γ,s, ∂F
±
∂Γ,s),
where we have denoted by F±Γ,s, F
±
∂Γ,s the sublevel sets defined for Fs as in equation (5). If moreover each
Fs is invariant under the action of a compact Lie group G on X, the isotopy can be made G-equivariant.
Proposition 2.1.3. Let {Γs}s∈[0,1] be a C
1,1 family of submanifolds Γs ⊂ Λ, such that for any s ∈ [0, 1],
Γs and ∂Γs are transversal to L. Then there exists a Lipschitz isotopy I : X ×Λ× [0, 1]→ X ×Λ such
that
Is(F
±
Γ0
, F±∂Γ0) = (F
±
Γs
, F±∂Γs).
If moreover F is invariant under the action of a compact Lie group G on X, the isotopy can be made
G-equivariant.
Remark 2.1.1. In the sequel Γ will be a stratified manifold. In this setting, one must improve the
notion of transversality: Γ is transversal to L if each of its strata is. Then the results above remain
valid (we refer to [GM88] for a detailed treatment of stratified Morse theory).
2.2 Equivariant cohomology and conical spaces
In the sequel we will study the equivariant homotopy type of conical sublevel sets of generating
families. This section is meant to recall several facts from equivariant cohomology, fix some notations,
and describe a simple identification in equivariant cohomology which holds for conical spaces. The
latter will be convenient for defining homomorphisms of equivariant cohomology groups (see section
3.6). We refer to [BGS13] for a complete treatment of equivariant cohomology theory. Let X be
a topological space provided with the action of a compact Lie group G. Equivariant cohomology
H∗G(X;C) with complex coefficients is defined as the singular cohomology H
∗(XG;C) of the quotient
XG := (X × EG)/G,
where EG→ BG is the universal principal G-bundle over the classifying space BG of G. The canonical
projection
(X × EG)/BG→ EG/G
provides H∗G(X;C) with the structure of a module over H
∗(BG;C), which plays the role of the coeffi-
cient ring H∗G(pt;C) in equivariant cohomology theory. If G is the n-dimensional torus T
n = (S1)n, the
coefficient ringH∗Tn(pt;C) is naturally isomorphic to a polynomial algebra in n variables u = (u1, ..., un)
of degree 2. More precisely, there is a natural algebra isomorphism, called the Chern-Weil isomorphism
χ : H∗Tn(pt;C) ≃ C[R
n∗],
between the cohomology of the classifying space BTn and the polynomial algebra on Rn∗ over C.
Throughout this paper we will only deal with singular cohomology with complex coefficients, and
will use the notation H∗(Y ) := H∗(Y ;C). If (u1, ..., un) denotes the standard basis of R
n∗, the Chern-
Weil isomorphism writes
H∗Tn(pt) ≃ C[u1, ..., un].
Let now A ⊂ X be a G-invariant subspace of X, and pr : X × EG → XG denote the canonical
projection. We introduce the following notations:
• C∗G(X) := C
∗(XG) and C
∗
G(A) := C
∗(AG);
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• C∗G(X,A) := kerC
∗
G(X)→ C
∗
G(A), where the map is induced by the inclusion A ⊂ X;
• C∗G,c(X) := {σ ∈ C
∗
G(X) : ∃K ⊂ X compact such that pr
∗σ vanishes on (X \ K) × EG }, the
complex of equivariant cocycles with compact support;
• C∗G,c(A) := {σ ∈ C
∗
G(A) : ∃K ⊂ A compact such that pr
∗
|A×EGσ vanishes on (A \K)× EG };
• C∗G,c(X,A) := kerC
∗
G,c(X)→ C
∗
G,c(A);
• if X → M is a fiber bundle of G-spaces, C∗G,cv(X), C
∗
G,cv(A), C
∗
G,cv(X,A), the complexes of
equivariant (relative) cocycles with vertical compact support, that is we replace the term compact
above by compact in the fibers direction. We will denote H∗K0,cv the corresponding equivariant
cohomology groups.
Suppose that X and A are closed conical subspaces of Rm, that is tX ⊂ X and tA ⊂ A for any t > 0,
and that G is a torus. Then the natural retraction of Rm onto the closure B of its unit ball B induces a
G-equivariant retraction of X (resp. A) onto X∩B (resp. A∩B), and of X \(X∩B) (resp. A\(A∩B))
onto X ∩ S (resp. A ∩ S), where S = ∂B. Moreover, the inclusion C∗G(X,X \X ∩B) →֒ C
∗
G,c(X) is a
G-equivariant homotopy equivalence, since any compact subset K ⊂ X is included in an intersection
X ∩ B˜, where B˜ is a ball centered at 0, and X ∩ B˜ is G-equivariantly homotopic to X ∩B (X is conical
and G commutes with R>0). The same argument applies when replacing X with A. Putting all these
simple facts together yields a natural isomorphism of cohomology groups
H∗(C∗G(X ∩ S,A ∩ S)) ≃ H
∗(C∗G(X,A)/C
∗
G,c(X,A)).
3 The constructions
3.1 The prequantization space
In this section, we describe a natural construction of a prequantization space over a rational toric
symplectic manifold (M2d, ω,T), mainly following [BZ15] (see Remark 3.1.2). The action of T is
induced by a momentum map M → t∗, where t∗ is the dual to the Lie algebra t of T. The image ∆ of
the momentum map is called the moment polytope. If ∆ has n facets, it is given by
∆ = {x ∈ t∗ | 〈x, vj〉+ aj ≥ 0 for j = 1, ..., n},
where the conormals vj are primitive vectors in the integer lattice tZ := ker(exp : t → T), and
a := (a1, ..., an) ∈ (R>0)
n. The polytope ∆ is compact and smooth, that is each k-codimensional face
of ∆ is the intersection of exactly k facets and the k associated conormals {vl1 , ..., vlk} can be extended
to an integer basis for the lattice tZ.
3.1.1 Delzant’s construction of symplectic toric manifolds
Let us first recall Delzant’s construction of toric manifolds [Del88]. The standard Hamiltonian
action of the torus Tn := Rn/Zn on (Cn, ωstd :=
n∑
j=1
dxj ∧ dyj) by rotation in each coordinate is
induced by the momentum map
P : Cn → Rn∗, where 〈λ, P 〉(z) = π
n∑
j=1
λj|zj |
2, and λ = (λ1, ..., λn) ∈ R
n. (6)
Consider the following surjective linear map:
β∆ : R
n → t, ǫj 7→ vj , for any j = 1, ..., n,
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where (ǫ1, ..., ǫn) is the standard basis of R
n, and vj ∈ tZ are the conormals. Since ∆ is compact and
smooth, the map β∆ satisfies β∆(Z
n) = tZ, and therefore it induces a homomorphism [β∆] : T
n → T.
We define the connected subtorus
K ⊂ Tn
as the kernel of [β∆]. It has Lie algebra
k := ker(β∆ : R
n → t),
and if ι : k →֒ Rn denotes the inclusion, the momentum map for the action of K on Cn is given by
PK := ι
∗ ◦ P : Cn → k∗.
The torus K acts freely on the regular level set
P−1K (p), where p := ι
∗(a) ∈ k∗ \ {0},
and if Xλ(z) = 2iπ(λ1z1, ..., λnzn) ∈ C
n = TzC
n denotes the Hamiltonian vector field for the function
〈λ, P 〉 : Cn → R, and αstd =
1
2
n∑
j=1
(xjdyj − yjdxj) is the standard 1-form on C
n so that dαstd = ωstd,
we have
αstd(Xλ) = 〈λ, P 〉 and ιXλdαstd = ιXλωstd = −d〈λ, P 〉. (7)
In particular, (LXλωstd)|P−1
K
(p) = 0. Therefore, symplectic reduction gives rise to a symplectic manifold
(M∆, ω∆), where
M∆ := P
−1
K (p)/K, and the symplectic form ω∆ is induced by ωstd|P−1
K
(p).
Finally, Delzant’s theorem [Del88] shows that (M∆, ω∆,T
n/K) and (M,ω,T) are equivariantly sym-
plectomorphic as toric manifolds.
Remark 3.1.1. This construction provides natural isomorphisms
H2(M ;R) ≃ k and H
2(M ;R) ≃ k∗,
which restrict to the isomorphisms from equation (2), and under which p ∈ k∗ identifies with the
cohomology class [ω] ∈ H2(M ;R). Note that M being a toric manifold, the natural homomorphisms
H2(M ;Z)→ H2(M ;R) and H
2(M ;Z)→ H2(M ;R) are injective.
3.1.2 The contact sphere
The generating families of our paper differ from those defined in [Giv95] for they are related to a
contactomorphism of a prequantization space over M , rather than to a symplectomorphism of M . Yet,
we will see now that the sublevel set P−1K (p) lies in a contact sphere in C
n (in fact it lies in many).
Since the latter is the symplectization of the former, this will allow us to lift the contactomorphism
of the prequantization space to a symplectomorphism of Cn, (see section 3.2.2), and thus we will be
able to define the generating families as in the aforementioned paper. The existence of such a sphere
is ensured by compactness of the toric manifold M . There is no canonical way of choosing it if M is
non-monotone, however the prequantization space won’t depend on such a choice (in fact it does not
depend on the sphere at all, see Remark 3.1.2). we refer to [Aud12] for more details on toric manifolds.
The image of the momentum map P from equation (6) is the first orthant Rn∗≥0, and the polytope
∆ can be identified with
(ι∗)−1(p) ∩ Rn∗≥0.
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Moreover, compactness of M∆ is equivalent to that of ∆, which is ensured by the condition
ker ι∗ ∩ Rn∗≥0 = {0}.
Since ker ι∗ is equal to the annihilator of ι(k) in Rn∗, this implies in particular that ι(k) ∩ Rn≥0 6= {0}.
Moreover, p lies in the image of Rn∗≥0, and therefore it is positive on ι(k) ∩ R
n
≥0. Choose any vector
b ∈ k \ {0} such that ι(b) = (b1, ..., bn) ∈ R
n
≥0. Then one can define the contact sphere as
Sp := {z ∈ C
n :
n∑
j=1
bjπ|zj |
2 = p(b)}, with contact form αp := αstd|Sp . (8)
3.1.3 The prequantization space
We now construct our prequantization space. From now on we assume that the toric manifold
(M,T, ω) is rational. Notice that since β∆(Z
n) = tZ, the inclusion ι satisfies
ι(kZ) ⊂ Z
n.
Thus, the rationality condition is equivalent to
p ∈ k∗Z.
Let k0 denote the kernel of p : k → R. Then k0,Z := ker(p : kZ → Z) ⊂ k0 is a sublattice of kZ. This
means that K0 := exp(k0) ⊂ K is a subtorus of codimension 1 of K which, in particular, acts freely on
the regular level set P−1K (p). Let j : k0 →֒ k denote the inclusion of Lie algebras. Then P
−1
K (p) is the
zero-level of the momentum map
µ : Sp → k
∗
0, µ(z) := j
∗ ◦ PK(z)
associated with the action of K0 on the contact sphere (Sp, αp). Therefore, contact reduction yields a
contact manifold
(V := P−1K (p)/K0, ξ := kerα), ρ
∗α = αp,
where ρ : P−1K (p) → V denotes the canonical projection (see [Gei08] for more on contact reductions).
For the circle S1 := K/K0, the projection
π : (V, α)→ (M∆, ω∆)
defines a principal S1-bundle, and satisfies π∗ω∆ = dα, since ωstd = dαstd. Finally, one can choose
an equivariant symplectomorphism (M∆, ω∆,T
n/K) ≃ (M,ω,T), and obtain a prequantization space
over the toric manifold (M,ω,T).
Remark 3.1.2. The construction of V is independent of the sphere Sp. Indeed, equation (7) shows
that the infinitesimal action of K0 is tangent to kerαstd along P
−1
K (p), which implies that the contact
form α is well defined. We view V as a contact reduction of Sp only for the lifting procedure of the
following section.
3.2 Lifting contact isotopies
In this section we explain the procedure for lifting a contact isotopy of V to a Hamiltonian isotopy
of Cn. Recall that for any contact manifold (V, ξ) and any choice of contact form α, any contact
Hamiltonian h : V × [0, 1]→ R gives rise to a unique time-dependent vector field satisfying
α(Xth) = ht and dα(X
t
h, .) = −dht + dht(Rα)α, ht := h(., t).
The vector field {Xth}t∈[0,1] preserves ξ and integrates into a contact isotopy denoted {φ
t
h}t∈[0,1]. This
establishes a bijection, depending on the contact form α, between smooth time-dependent functions
h : V × [0, 1]→ R and the identity component Cont0(V, ξ) of the group of contactomorphisms.
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3.2.1 Lift to the contact sphere
Following [BZ15, Definition 1.6], we say that a closed submanifold Y ⊂ V transverse to ξ is strictly
coisotropic with respect to α if it is coisotropic, that is the subbundle TY ∩ ξ of the symplectic vector
bundle (ξ|Y ,dα) is coisotropic:
{X ∈ ξy|ιXdα = 0 on TyY ∩ ξy} ⊂ TyY ∩ ξy, for all y ∈ Y,
and additionally Rα ∈ TyY for all y ∈ Y , that is the Reeb vector field is tangent to Y .
Consider the setting
(Sp, αp) ⊃ (P
−1
K (p), αp|P−1
K
(p))
ρ
→ (V, α).
Then P−1K (p) is strictly coisotropic with respect to αp. Let h : V × [0, 1] → R be a time-dependent
contact Hamiltonian of V , and let φh := φ
1
h denote the time-1 map of the contact isotopy {φ
t
h}t∈[0,1]
generated by h. We first lift ht := h(., t) to a K0-invariant function
h˜t : P
−1
K (p)→ R, h˜t := ρ
∗ht,
and then extend h˜ to a K0-invariant contact Hamiltonian h : Sp× [0, 1]→ R, so that ht|P−1
K
(p) = h˜t. By
[BZ15, Lemma 3.1 and 3.2], the contact isotopy {φt
h
}t∈[0,1] generated by h and the Reeb flow {φ
t
αp}t∈R
of αp preserve P
−1
K (p), and project to the contact isotopy {φ
t
h}t∈[0,1] and the Reeb flow {φ
t
α}t∈R of α
respectively. More precisely, the following equalities hold:
ρ ◦ φt
αp|P
−1
K
(p)
= φtα ◦ ρ : P
−1
K (p)→ V for all t ∈ R;
ρ ◦ φt
h|P−1
K
(p)
= φth ◦ ρ : P
−1
K (p)→ V for all t ∈ [0, 1].
Let q ∈ V be an α-translated point of φh, that is
φh(q) = φ
s
α(q) for some s ∈ R, and (φ
∗
hα)q = αq.
Then q is a discriminant point of φ−sα ◦ φh, that is an α-translated point which is also a fixed point
of φ−sα ◦ φh. For any z ∈ P
−1
K (p) such that ρ(z) = q, the equations above show moreover that
ρ(φ−sαp ◦ φh(z)) = ρ(z).
In other words, φ−sαp ◦ φh(z) and z lie in the same K0-orbit in P
−1
K (p). Since the Reeb orbits of α
generate the circle K/K0, there exists λ ∈ k such that p(λ) = −s and exp(λ) ◦ φh(z) = z. Moreover,
(φ∗
h
αp)z = (φ
∗
h
ρ∗α)z = ((ρ ◦ φh)
∗α)z = ((φh ◦ ρ)
∗α)z = (ρ
∗φ∗hα)z = (ρ
∗α)z = (αp)z,
and K acts by αp-preserving transformations (see equation (7)). In other words, z is a discriminant
point of exp(λ) ◦ φh.
3.2.2 Lift to a symplectic vector space
A convenient way to pass from the contact to the symplectic setting consists of associating to a
contact manifold its symplectization. We briefly recall this procedure, and apply it to lift contacto-
morphisms of the contact sphere (Sp, αp) to symplectomorphisms of C
n.
Let (N, ξ = kerα) be a contact manifold. its symplectization is the symplectic manifold
SN := N × R with symplectic form d(erα),
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where r is a coordinate on R. Let φ be a contactomorphism of N . Then φ lifts up to a symplectomor-
phism
Φ : SN → SN
(x, r)→ (φ(x), r − g(x)),
where g : N → R is the function satisfying φ∗α = egα. In particular, a discriminant point q of φ
corresponds to a R-line {(q, r) ∈ SN | r ∈ R} of fixed points of Φ. If φ := φh is the time-1 map of a
contact isotopy {φth}t∈[0,1] generated by a contact Hamiltonian h : N × [0, 1]→ R, Φ is the time-1 map
Φ = ΦH := Φ
1
H of the Hamiltonian isotopy {Φ
t
H}t∈[0,1] generated by the Hamiltonian
Ht(x, r) := e
rht(x), t ∈ [0, 1].
Suppose now that N ⊂ Cn is a star-shaped hypersurface, that is the image of a map
S2n−1 → Cn
z → f(z)z := (f1(z)z1, ..., fn(z)zn),
where f := (f1, ..., fn), and each fj is a smooth positive function on S
2n−1. One can show that
the standard Liouville form αstd on C
n restricts to a contact form on N , and the symplectization
(SN,d(erαstd|N )) of (N,αstd|N ) is symplectomorphic to (C
n \ {0}, ωstd|Cn\{0}), via the symplectomor-
phism
Ψ : N × R→ Cn \ {0}.
(x, r)→ e
r
2x
We then have
ΨΦΨ−1 : Cn \ {0} → Cn \ {0},
z → |z|
|pr(z)|e
1
2 g(pr(z))
φ(pr(z))
where
pr : Cn \ {0} → N
z → f( z|z|)
z
|z|
is the radial projection, and |z| :=
√
n∑
j=1
|zj |2. For the time-1 map φh of a contact isotopy {φ
t
h}t∈[0,1],
the Hamiltonian of Cn \ {0} generating the Hamiltonian isotopy {ΨΦtHΨ
−1}t∈[0,1] is of the form
H˜t(z) :=
|z|2
|pr(z)|2
ht(pr(z)).
It is homogeneous of degree 2 with respect to the action of R>0 on C
n \ {0}, that is
H˜t(rz) = r
2H˜t(z), for any r > 0.
The Hamiltonian isotopy {Φt
H˜
}t∈[0,1] = {ΨΦ
t
HΨ
−1}t∈[0,1] is therefore R>0-equivariant, and we can
extend H˜t and Φ
t
H˜
continuously to Cn by
H˜t(0) = 0
Φt
H˜
(0) = 0.
Back to our setting, the contact sphere (Sp, αp) is a star-shaped hypersurface of C
n, with
fi(z) :=
√
p(b)
πbi
, for all i = 1, ..., 2n.
The action of K on Sp lifts to the linear action of K on C
n, and pr is K-equivariant. Consider a contact
Hamiltonian h : V × [0, 1] → R, and its K0-invariant lift h : Sp × [0, 1] → R. The Hamiltonian H˜
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extending h to Cn is K0-invariant, and therefore the Hamiltonian isotopy {Φ
t
H˜
}t∈[0,1] is K0-equivariant.
We call H˜ a Hamiltonian lift of h.
Let q ∈ V be an α-translated point of φh. Any z ∈ P
−1
K (p) such that ρ(z) = q is a discriminant
point of exp(λ) ◦ φh, for some λ ∈ k. On C
n, the latter becomes a ray of fixed points of exp(λ) ◦Φ
H˜
:
exp(λ) ◦ Φ
H˜
(rz) = rz, for any r > 0.
Remark 3.2.1. Notice that λ is not unique, since exp(λ+ λ0) = exp(λ), for any λ0 ∈ kZ.
Conversely, let z ∈ Cn be a fixed point of exp(λ) ◦ Φ
H˜
such that rz ∈ P−1(p), for some r > 0. Then
rz ∈ Sp is a discriminant point of exp(λ) ◦ φh, and therefore ρ(rz) is a discriminant point of
φp(λ)α ◦ φh.
In other words, ρ(pr(z)) is an α-translated point of φh.
3.3 The generating families
In this section, we introduce the generating families from which we will derive our cohomology
groups. For the sake of completeness, we first recall the general construction of a generating function
from a Hamiltonian symplectomorphism of Cn, following [Giv95]. We then apply it to the lifts of
the previous section. Finally, we add the torus action to this construction and come to the notion
of generating family. In constrast with the aforementioned paper, our generating functions are K0-
invariant, and critical points are related to translated points on V , rather than fixed points on M .
3.3.1 General construction
Let H : Cn × [0, 1] → R be a time-dependent Hamiltonian, and {φtH}t∈[0,1] be the Hamiltonian
isotopy generated byH. Dividing the interval [0, 1] into an even number of parts, say 2N , we decompose
the time-1 map φH := φ
1
H as follows:
φH = φ2N ◦ ... ◦ φ1,
where φj := φ
j
2N
H ◦ (φ
j−1
2N
H )
−1. If N is big enough so that, for any z, −1 is not an eigen value of dzφj ,
the graph
Grφj := {(z, φj(z)) : z ∈ C
n} ⊂ Cn × Cn,
projects diffeomorphically onto the diagonal
∆ := {(z, z) : z ∈ Cn} ⊂ Cn × Cn,
where Cn denotes the symplectic vector space (Cn,−ωstd). The linear symplectomorphism
Ψ : Cn × Cn → (T ∗Cn,−d(pdq))
(z, w) 7→ (z+w2 , i(z − w))
sends the diagonal ∆ to the zero-section 0Cn ⊂ T
∗Cn, and therefore Ψ(Grφj ) is the graph of a closed
1-form. This form is exact (either because H1(Cn,R) = {0} or φj is Hamiltonian):
Ψ(Grφj ) = GrdHj .
The function Hi is a generating function for the Lagrangian submanifold Ψ(Grφj ). In particular, the
critical points of Hj are, through Ψ, in bijection with the points of the intersection Grφj ∩∆, that is
with the fixed points of φj .
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Consider now the Lagrangian product
Grφ1 × ...×Grφ2N ⊂ (C
n × Cn)2N .
Applying the above to each component and the identification (T ∗Cn)2N = T ∗C2nN , we can write
2N∏
j=1
Ψ(Grφj ) := Ψ(Grφ1)× ...×Ψ(Grφ2N ) = GrdH,
were
H : C2nN → R
(x1, ..., x2N ) 7→
2N∑
j=1
Hj(xj).
The critical points of H are in bijection with the fixed points of the product
2N∏
j=1
φj := φ1 × ...× φ2N : (C
n)2N → (Cn)2N .
Yet, they do not correspond to fixed points of φH , which are rather in bijection with the solutions of
the equation
(z2, ..., z2N , z1) = (φ1(z1), ..., φN (z2N )).
The graph Grq ⊂ (Cn)
2N × (Cn)2N ≃ (Cn × Cn)2N of the "twisted" cyclic shift
q : (Cn)2N → (Cn)2N
(z1, ..., z2N ) 7→ (z2, ..., z2N ,−z1)
corresponds, through
2N∏
j=1
Ψ, to a Lagrangian subvector space of T ∗C2nN , which has a generating
quadratic form. Since we have decomposed φH into an even number of parts and have a factor
−1 in the map q above, the graph Grq has trivial intersections with both the multi-diagonal and
multi-antidiagonal
(±∆)2N := {(z1,±z1, ..., z2N ,±z2N ) : zj ∈ C
n}.
The latter are sent, through
2N∏
j=1
Ψ, to the zero-section 0C2nN and the fiber {0} × C
2nN ⊂ T ∗C2nN
respectively. Therefore, in T ∗C2nN , we can write
2N∏
j=1
Ψ(Grq) = GrdQ,
where Q : C2nN → R is a non-degenerate quadratic form. The intersection points of Grq with
2N∏
j=1
Grφj
are in bijection with the fixed points of the Hamiltonian symplectomorphism
−IdCn ◦ φH .
Consider the function
F (N) : C2nN → R, F (N) := Q−H.
The critical points of F (N) are in bijection with the fixed points of −IdCn ◦ φH . The function F
(N) is
called the generating function associated with the decomposition φH = φ2N ◦ ... ◦ φ1.
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3.3.2 Generating functions for the Hamiltonian lifts
Let h : V × [0, 1] → R be a contact Hamiltonian, and H˜ : Cn × [0, 1] → R a Hamiltonian lift of h.
We apply the construction of the previous section to the Hamiltonian symplectomorphism
exp(λ) ◦ Φ
H˜
, λ ∈ k
from section 3.2.2. Consider a decomposition
Φ
H˜
= Φ2N1 ◦ ... ◦Φ1
of the Hamiltonian symplectomorphism Φ
H˜
into 2N1 small parts Φj := Φ
j
2N1
H˜
◦ Φ
j−1
2N1
H˜
, and similarly, a
decomposition
exp(λ) = exp(
λ
2N2
) ◦ ... ◦ exp(
λ
2N2
)︸ ︷︷ ︸
2N2−times
of the Hamiltonian symplectomorphism exp(λ). We denote
F
(N)
λ := Q−Hλ : C
2nN → R, N = N1 +N2,
the generating function associated with the decomposition
exp(λ) ◦Φ
H˜
= exp(
λ
2N2
) ◦ ... ◦ exp(
λ
2N2
)︸ ︷︷ ︸
2N2−times
◦Φ2N1 ◦ ... ◦ Φ1.
The function Hλ is of the form
Hλ(x1, ..., x2N ) :=
2N1∑
j=1
Hj(xj) +
2N2∑
j=2N1+1
Tλ(xj), xj ∈ C
n,
where Hj and Tλ are the generating functions of Φj and exp(
λ
2N2
) respectively. Moreover, a direct
computation shows that
Tλ(xj) =
n∑
k=1
tan(
πλk
2N2
)|qkj |
2, where xj = (q
1
j , ..., q
n
j ) ∈ C
n and λ = (λ1, ..., λn) ∈ k ⊂ R
n.
Let us list several properties of the function F
(N)
λ :
1. the Hamiltonian lift H˜ is smooth on Cn \{0}, and is C2 at 0 only if it is quadratic. However, it is
homogeneous of degree 2, and therefore it is C1 on Cn with Lipschitz derivative near 0. Therefore,
for any λ ∈ k, F
(N)
λ is C
1 on C2nN with Lipschitz derivatives, and smooth on (Cn \ {0})2N ;
2. for any λ ∈ k, F
(N)
λ is homogeneous of degree 2 and K0-invariant. In particular, the critical
points of F
(N)
λ appear as rays of K0-orbits in C
2nN , and have critical value 0;
3. the function F
(N)
λ is well-defined as long as ι(λ) ∈ (]−N2, N2[)
n ⊂ Rn;
4. the family λ 7→ F
(N)
λ decreases in positive directions: for any s ∈ k such that ι(λ + s) ∈
(]−N2, N2[)
n and ι(s) ∈ (R>0)
n, we have
F
(N)
λ+s ≤ F
(N)
λ ;
5. for any λ ∈ k, the critical points of F
(N)
λ are in bijection with the fixed points of the Hamiltonian
symplectomorphism
−IdCn ◦ exp(λ) ◦ ΦH˜ .
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The symplectomorphism −IdCn is Hamiltonian and K-equivariant. It preserves the sphere Sp and the
contact form αp, as well as the level set P
−1
K (p). Therefore, it projects to an α-preserving contacto-
morphism g ∈ Cont0(V, ξ). In particular, any estimate for the number of translated points of all the
compositions of g with contactomorphisms in Cont0(V, ξ) will give rise to the same estimate for the
contactomorphisms in Cont0(V, ξ) themselves. In other words, the twist by −IdCn won’t affect the
estimation on the number of translated points.
3.3.3 Adding the torus action
We are looking for all the possible translated points of the time 1-map φh on V . By the discussion
of section 3.2.2, we must look for fixed points of the composition
exp(λ) ◦Φ
H˜
,
for all values of λ. To that aim, we shall consider k as the space of Lagrange multipliers. For any
subset ΛN ⊂ k such that ι(ΛN ) ⊂ (]−N2, N2[)
n, we can consider the following function
FN : C
2nN × ΛN → R, FN (x, λ) := F
(N)
λ (x).
Let SN denote the unit sphere S
4nN−1 ⊂ C2nN , and FN be the restriction of FN to SN ×ΛN . We call
FN (resp. FN ) the generating family (resp. homogeneous generating family) associated with
the decomposition Φ
H˜
= Φ2N1 ◦ ... ◦Φ1. In the sequel, we fix this decomposition, and for any N > N1,
we take ΛN to be a cube in k with boundary ∂ΛN , centered at the origin, of fixed size growing linearly
with N , and such that ∪
N
ΛN = k.
Remark 3.3.1. In the sequel we will study the equivariant homotopy type of sublevel sets of the
generating family relatively to the boundary ∂ΛN . When studying the regularity of FN and the
critical point sets of the functions F
(N)
λ , we will keep in mind that they are actually defined for any
λ ∈ k such that ι(λ) ∈ (]−N2, N2[)
n.
We are looking for critical points of the functions F
(N)
λ , which lie in rays that, through Ψ, intersect
P−1K (p). By homogeneity, any critical point of F
(N)
λ has critical value 0, and moreover the zero-set
F−1N (0) ⊂ SN × ΛN is K0-invariant. Consider the function
pˆN : F
−1
N (0)→ R.
(x, λ) 7→ p(λ)
It is K0-invariant, and we have the following contact analogue of [Giv95, Proposition 4.3].
Proposition 3.3.1. 0 is a regular value of FN , and critical K0-orbits of pˆN correspond to translated
points of φh.
Proof. Notice first that by homogeneity of FN , we have dxF
(N)
λ = dxF
(N)
λ for any x ∈ (F
(N)
λ )
−1(0).
Let (x, λ) ∈ F−1N (0) be a critical point of FN . Then x ∈ SN is a critical point of F
(N)
λ . On C
n, it
corresponds to a fixed point z of the decomposition
−IdCn ◦ exp(
λ
2N2
) ◦ ... ◦ exp(
λ
2N2
)︸ ︷︷ ︸
2N2 times
◦Φ2N1 ◦ ... ◦ Φ1.
Let us denote (z1, ..., z2N = −z1) the corresponding discrete trajectory in C
2nN , that is z1 = z, and zj
is obtained by applying the (j−1)-th symplectomorphism of the above decomposition to zj−1. Choose
coordinates on k ≃ Rk, and write λ = (λ1, ..., λk). By the Hamilton-Jacobi equation, the derivative of
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FN in λ is given by minus the Hamiltonian associated with the infinitesimal action of exp(λ) on the
N last coordinates of x. Through Ψ, this means that
∂FN
∂λj
(x, λ) = −P jK(zN+1)− ...− P
j
K(z2N ),
where PK = (P
1
K, ..., P
k
K) : C
n → Rk∗. On the other hand, we have z2N1+i = exp(
λ
2N2
)z2N1+i−1, for any
i = 1, ..., 2N2. Since P
j
K is K-invariant, we obtain
∂FN
∂λj
(x, λ) = −NP jK(z2N1+1).
If (x, λ) is a critical point of FN , then P
j
K(z2N1+1) = 0, for any j = 1, ..., k. In particular, this means
that P (z2N1+1) ∈ ker ι
∗, and by compactness of the toric manifol M , this is possible only if z2N1+1 = 0.
By homogeneity of the symplectomorphisms in the decomposition above, this implies that z = 0, and
thus x = 0, which is impossible on SN . Thus 0 is a regular value of FN .
By the method of Lagrange multipliers, the critical points of pˆN are the points (x, λ) ∈ F
−1
N (0)
such that x is a critical point of F
(N)
λ , and
∂FN
∂λj
(x, λ) is proportional to pj , where p = (p1, ..., pk) ∈ R
k∗.
By the discussion above, this means that x corresponds to a discrete trajectory (z1, ..., z2N = −z1)
satisfying
P jK(z2N1+1) ∼ pj, for any j = 1, ..., k.
But then, P jK(z2N ) = P
j
K(z) ∼ pj . In other words, z lies in a ray which intersects P
−1
K (p).
3.4 From a decomposition to another
Our cohomology group is defined as a limit in N →∞ of equivariant cohomology groups associated
with the generating families FN . Therefore we must describe how FN changes when N grows. The key
ingredient is that we can deform the generating functions in a controllable way, as long as the front of
the associated generating family remains unchanged during the deformation. Recall that the front of
FN is given by:
LN := {λ ∈ ΛN : 0 is a singular value of F
(N)
λ }.
By construction of FN , it will remain unchanged as long as the time 1 map ΦH˜ remains unchanged
as well. We closely follow [Giv95], and begin with an observation. Let ΦH = Φ2N ′ ◦ ... ◦ Φ1 be the
decomposition of a Hamiltonian isotopy {ΦtH}t∈[0,1], such that the first 2(N
′ − N) parts consist of a
loop
IdCn = Φ2(N ′−N) ◦ ... ◦ Φ1.
We relate the generating function F (N
′) associated with the whole decomposition
ΦH = Φ2N ′ ◦ ... ◦Φ1,
to the generating functions F (N) and G(N
′−N) associated with the parts
Φ2N ′ ◦ ... ◦Φ2(N ′−N)+1 and Φ2(N ′−N) ◦ ... ◦Φ1
respectively. Consider the following deformation of the graph Grq from section 3.3.1:
Qǫ := {(z1, w1, ..., z2N ′ , w2N ′) | (zj , wj) ∈ Cn × C
n}, wj = zj+1 for j /∈ {2(N
′ −N), 2N ′}
w2(N ′−N) = ǫ(z2(N ′−N)+1 − w2N ′)− z1
w2N ′ = ǫ(w2(N ′−N) − z1)− z2(N ′−N)+1,
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where ǫ ∈ [0, 1]. Then Qǫ is a Lagrangian subspace of (Cn × C
n)2N
′
, which is transversal both to
the multi-diagonal ∆2N
′
and the multi-antidiagonal (−∆)2N
′
. Thus, it corresponds in T ∗C2N
′
to the
graph of a non-degenerate quadratic form Qǫ. Consider the generating function
F (N
′)
ǫ : Qǫ −H.
Its critical points are in bijection with the points of the intersection
2N ′∏
j=1
Ψ(Grφj ) ∩Qǫ.
For ǫ = 0, Qǫ is the product Q1 × Q2, where Q1 and Q2 correspond to the twisted cyclic shifts in
(Cn)2N and (Cn)2(N
′−N) respectively. Since H is the direct sum of the generating functions associated
with the small Hamiltonian symplectomorphisms Φj for j = 1, ..., 2N
′, we get
F
(N ′)
0 = F
(N) ⊕ G(N
′−N) : C2nN × C2n(N
′−N) → R.
Moreover, F
(N ′)
0 admits a critical point if and only if F
(N) does, if and only if F (N
′) does. For ǫ = 1,
we have Qǫ = Grq, so that
F
(N ′)
1 = F
(N ′).
Finally, for ǫ ∈]0, 1[, notice that
(z1, w1, ..., z2N ′ , w2N ′) ∈
2N ′∏
j=1
Ψ(Grφj ) ∩Qǫ ⇐⇒
(1
ǫ
z1,
1
ǫ
w1, ...,
1
ǫ
z2(N ′−N),
1
ǫ
w2(N ′−N), z2(N ′−N)+1, w2(N ′−N)+1, ..., z2N ′ , w2N ′) ∈
2N ′∏
j=1
Ψ(Grφj ) ∩Q,
that is the critical points of FN
′
ǫ are in bijection with the critical points of F
(N ′), for any ǫ ∈ [0, 1].
Observe now that given two decompositions
Φ1H = Φ2N ◦ ... ◦Φ1, Φ
1
H = Φ
1
H′
Φ1H′ = Φ
′
2N ′ ◦ ... ◦ Φ
′
1
of the same Hamiltonian isotopy {ΦtH}t∈[0,1] = {Φ
t
H′}t∈[0,1] of C
n with, say, N ′ > N , one can always use
a reparametrization Hst ofH
′
t, so thatH
0
t = H
′
t, andH
1
t generates the Hamiltonian symplectomorphism
Φ1Hs = Φ2N ◦ ... ◦Φ1 ◦ IdCn ◦ ... ◦ IdCn︸ ︷︷ ︸
2(N ′−N)−times
.
In particular, consider the homogeneous generating family FN associated with the decomposition
Φ
H˜
= ΦN1 ◦ ... ◦ Φ1,
where H˜ is a Hamiltonian lift of h. We will denote
G
(K)
λ : C
2nK → R
the generating function associated with the decomposition
exp(
λ
2K
) ◦ ... ◦ exp(
λ
2K
)︸ ︷︷ ︸
2K−times
,
as defined in section 3.3.1. Note that the front of the restriction FN+K|ΛN is equal to the front of FN ,
that is we have LN+K ∩ ΛN = LN .
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Proposition 3.4.1. There exists a fiberwise K0-invariant smooth homotopy between the restricted
homogeneous family
FN+K|ΛN
and the fiberwise direct sum
FN ⊕ΛN G
(K)
0 : C
2n(N+K) × ΛN → R,
in a way that the front of the corresponding generating families on SN+K × ΛN remains unchanged
during the deformation.
Proof. For any λ ∈ ΛN , the generating functions F
(N+K)
λ and F
(N)
λ are associated respectively with
the decompositions
exp(λ) ◦Φ
H˜
= exp(
λ
2(N2 +K)
) ◦ ... ◦ exp(
λ
2(N2 +K)
)︸ ︷︷ ︸
2(N2+K)−times
◦Φ2N1 ◦ ... ◦ Φ1
and
exp(λ) ◦Φ
H˜
= exp(
λ
2N2
) ◦ ... ◦ exp(
λ
2N2
)︸ ︷︷ ︸
2N2−times
◦Φ2N1 ◦ ... ◦ Φ1.
Up to reparametrization of the 2(N2 +K) last factors, the first decomposition becomes
exp(λ) ◦ Φ
H˜
= exp(
λ
2N2
) ◦ ... ◦ exp(
λ
2N2
)︸ ︷︷ ︸
2N2−times
◦ IdCn ◦ ... ◦ IdCn︸ ︷︷ ︸
2K−times
◦Φ2N1 ◦ ... ◦ Φ1
= exp(
λ
2N2
) ◦ ... ◦ exp(
λ
2N2
)︸ ︷︷ ︸
2N2−times
◦Φ2N1 ◦ ... ◦ Φ1 ◦ IdCn ◦ ... ◦ IdCn︸ ︷︷ ︸
2K−times
.
By the discussion above, the generating function associated with this last decomposition is K0-
invariantly homotopic to F
(N)
λ ⊕ G
(K)
0 , and this homotopy does not change the front of the family.
Thus, we obtain a smooth K0-invariant homotopy between F
(N+K)
λ and F
(N)
λ ⊕G
(K)
0 . Since the time-1
map exp(λ)◦Φ
H˜
remains unchanged during the reparametrization, the front remains unchanged during
the whole process.
Remark 3.4.1. Notice that the result above is independent of the reparametrization, since any two
such reparametrizations are always homotopic. Moreover, one can show by a similar argument that
the front of the generating family FN remains unchanged if one modifies the decomposition of ΦH˜ into
2N2 parts.
3.5 Sublevel sets and transversality
In this section, we introduce the sublevel sets which will be used to define the cohomology groups.
Similarly as with the generating families, we describe how they behave when N grows, using the results
from section 2.1. In particular, we define a basis of C2nN in which the quadratic generating functions
associated with the torus action are diagonal, so that we have a canonical (independent of the given
element of the torus) identification between their non-positive sublevel sets and their non-positive
eigenspaces. Consider the following sublevel sets
F±N := {FN ≥ 0 (resp. ≤ 0)}, F
±
N := {FN ≥ 0 (resp. ≤ 0)}.
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For any ν ∈ R, we denote ΓN (ν) the intersection ΛN ∩ p
−1(ν), and define the sets
F±N (ν) := F
±
N ∩ (C
2nN × ΓN (ν)), ∂F
±
N (ν) := F
±
N (ν) ∩ (C
2nN × ∂ΓN (ν)),
F±N (ν) := F
±
N ∩ (SN × ΓN (ν)), ∂F
±
N (ν) := F
±
N (ν) ∩ (SN × ∂ΓN (ν)),
where
∂ΓN (ν) := ΓN (ν) ∩ ∂ΛN .
Recall that the generating function F
(N)
λ is smooth on (C
n \ {0})2N . If x is a critical point of F
(N)
λ , it
corresponds, through the linear symplectomorphism Ψ of section 3.3.1, to a solution of the equation
(z2, ..., z2N ,−z1) = (γ1(z1), ..., z2N , γ2N (z2N )),
where γj = Φj if j ≤ 2N1, and γj = exp(
λ
2N2
) otherwise. If x lies on the coordinate cross, there exists j
such that γj(zj) = −zj. Since γj is close to IdCn , this can happen only if zj = 0. Moreover, γj(0) = 0
for all j, and therefore x = 0. Thus F
(N)
λ is smooth at any non-zero critical points. In particular, the
front LN is of zero-measure.
The relation between the front LN and the spectrum Spec(φh) (equation (4)) shall be understood
as follows: the front is made of all the elements λ ∈ ΛN such that the Hamiltonian diffeomorphism
−IdCn ◦ exp(λ) ◦ ΦH˜ : C
n → Cn
admits a fixed point. However, this fixed point might not correspond to a point on V (if it does not lie
in a ray that intersects P−1K (p)). In contrast, the spectrum is made of real numbers ν ∈ R for which
an α-translated point of φh appears on V . In other words, meeting the front corresponds to the notion
of fixed points on Cn, whereas by Propositions 2.1.1 and 3.3.1, being tangent to the front corresponds
to the notion of fixed points on P−1K (p), that is to that of translated points on V .
Note however that ν /∈ Spec(φh) does not mean that the boundary ∂ΓN (ν) is transversal to LN .
By Corollary 2.1.1, the set of ν such that ΓN (ν) and ∂ΓN (ν) are transversal to the front LN is of full
measure. We will say that ν ∈ R is generic if ΓN (ν) and ∂ΓN (ν) are transversal to LN for all N (we
use here that a countable intersection of sets of full measure is of full measure). Note that this notion
depends on Φ
H˜
and the family of cubes {ΛN}N .
We have the following "homogeneous" version of [Giv95, Proposition 5.1].
Proposition 3.5.1. Let F : CM → R be a homogeneous of degree 2 function, and Fˆ : CM+1 → R be
its suspension
Fˆ(x, z) := F(x) + |z|2.
We denote F± and Fˆ± the sublevel sets
F± := {x ∈ CM : F(x) ≥ 0 (resp. ≤ 0)}, Fˆ± := {(x, z) ∈ CM+1 : Fˆ(x) ≥ 0 (resp. ≤ 0)}.
Then there exist natural homotopy equivalences
Fˆ− ≃ F−, Fˆ+ ≃ F+ × C.
Moreover, if F is invariant relatively to an S1-action on CM , then the above homotopy equivalences
can be made equivariant with respect to the diagonal S1 action on CM+1. If F depends continuously
on additional parameters, then the homotopy equivalences depend continuously on them.
Proof. We first treat the case z ∈ R≥0. The meridional contraction from the North pole P = (0, 1)
of the unit sphere S2M+1 preserves Fˆ− ∩ (S2M−1 × {0}), and therefore Fˆ− ∩ S2M+1 retracts onto
20
Fˆ− ∩ (S2M−1 × {0}). Extending this contraction homogeneously provides a deformation retraction
from Fˆ− to F− as well:
Fˆ− ≃ F−.
Moerover, each meridional arc from the North pole to F+ ∩ S2M−1 lies in Fˆ+ ∩ S2M+1, and therefore
the same contraction provides a homotopy equivalence of pairs:
(Fˆ+,F+) ≃ (CM × R≥0,F
+).
Now, the pairs (CM ×R≥0,F
+) and (F+×R≥0,F
+) are naturally homotopy equivalent, and therefore
we have
(Fˆ+,F+) ≃ (F+ × R≥0,F
+).
For the general case z ∈ C, we view CM×C as the quotient CM×R≥0×S
1/ ∼, with the identification
CM ×{0}×S1 ∼ CM . Then F± and Fˆ± are simply given by their restrictions to CM ×R≥0 multiplied
by S1, with the relevant identifications. We obtain
Fˆ− ≃ F−, Fˆ+ ≃ F+ × C.
Since all the homotopies from above are carried out in a canonical way, they respect group actions and
parametric dependence.
Recall that G
(N)
λ denotes the generating function of the decomposition
exp(
λ
2N
) ◦ ... ◦ exp(
λ
2N
)︸ ︷︷ ︸
2N−times
,
as defined in section 3.3.1. It is a quadratic form. Let us denote G
(N)±
λ its non-negative and non-positive
eigenspaces, after the following diagonalization.
Lemma 3.5.1. There exists an equivariant linear isomorphism
C2nN ≃
2nN⊕
j,k
Cvkj , j = 1, ..., n, k = 1, ..., 2N,
where vkj are vectors in C
2nN , such that:
1. for any k, the maximal torus T acts on the complex line generated by vkj via its standard character
χj : (e
iθ1 , ..., eiθn ) 7→ eiθj . In particular, the direct sum ⊕
k
Cvkj is T-invariant;
2. for any λ, the quadratic form G
(N)
λ is diagonal in the basis (v
k
j )j,k, and we have
dim(G
(N)−
λ ) =
n∑
j=1
2(N + ⌊λj +
1
2
⌋), where λ = (λ1, ..., λn) ∈ ΛN ,
where ⌊.⌋ denotes the integer part.
Proof. Recall that for any λ ∈ k ⊂ Rn, the quadratic form G
(N)
λ is of the form
G
(N)
λ = Q−Hλ.
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We have Hλ = −
n∑
i=1
tan(πλi2N )(|q
i
1|
2 + ... + |qi2N |
2), where q = (q11 , ..., q
n
1 , ..., q
1
2N , ..., q
n
2N ) ∈ C
2nN , and
moreover, a direct calculation shows that the non-degenerate quadratic form Q writes Q(q) = 〈Cq, q〉,
where
C = i(Id−A)(Id+A)−1, A =

0 1
. .
. .
. .
. .
. 1
−1 0

∈M2N×2N (C
n).
For any k = −N, ...,N − 1, and j = 1, ..., n, we define the following vector:
Xkj = (ej , e
i
(2k+1)pi
2N ej , e
i(2N−1)
(2k+1)pi
2N ej) ∈ (C
n)2N ,
where ej = (0, ..., 0, 1, 0, ..., 0) is the j-th standard vector in C
n. The reader may check that the
following points hold:
• we have i(A−Id)Xkj = − tan(
(2k+1)π
4N )(A+I)X
k
j , and therefore the family {v
k
j := (A+Id)(X
k
j )}j,k
is a C-basis of C2nN made of eigenvectors of C, with eigenvalues − tan( (2k+1)π4N );
• the maximal torus T acts on the complex line Cvkj via the character χj. In particular, Cv
k
j is
T-invariant;
Put Vj =
2N
⊕
k=1
Cvkj . Since Q is T-invariant, each two lines Cv
k
i and Cv
l
j are orthogonal whenever i 6= j.
It remains to diagonalize the restrictions Q|Vj . The action of T on the basis (v
1
j , ..., v
2N
j ) is given by
χj . Since it is diagonal and linear, one can find a new basis (still denoted (v
1
j , ..., v
2N
j )) of Vj, on which
T acts via the character χj, and such that C|Vj is diagonal. It remains to concatenate these bases for
j = 1, ..., n.
As for the second point, the spectrum of Q is given by
Spec(Q) = {− tan(
π(2k + 1)
4N
) | −N ≤ k ≤ N − 1},
and therefore the spectrum of G
(N)
λ is given by
Spec(G
(N)
λ ) = {tan(
π(2k + 1)
4N
)− tan(
πλj
2N
) | −N ≤ k ≤ N − 1, j = 1, ..., n}.
We have
tan(
π(2k + 1)
4N
)− tan(
πλj
2N
) < 0 ⇐⇒ k < λj −
1
2
.
There are N + ⌊λj +
1
2⌋ such k’s, and therefore the real dimension of G
−
λ,N is:
dim(G
(N)−
λ ) =
n∑
j=1
2(N + ⌊λj +
1
2
⌋),
as claimed.
This change of basis is canonical, that is it depends only on N and the non-degenerate quadratic
form Q. Consider the fiberwise direct sum FN ⊕ΛN G
(K)
0 . The non-degenerate quadratic form G
(K)
0 has
2nK negative eigenvalues, and is diagonal in the basis of the above proposition. Applying Proposition
3.5.1 multiple times, we get
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Corollary 3.5.1. There exists a fiberwise K0-equivariant homotopy equivalence
{FN ⊕ΛN G
(K)
0 ≤ 0} ≃ F
−
N × G
(K)−
0 ≃ F
−
N × C
nK .
Applying Proposition 3.4.1 along with Proposition 2.1.2, we get
Proposition 3.5.2. If ν is generic, there exists a fiberwise K0-equivariant homotopy equivalence
(F−
N+K|ΓN (ν)
,F−
N+K|∂ΓN (ν)
) ≃ (F−N (ν)× C
nK , ∂F−N (ν)× C
nK).
3.6 The cohomology groups
In this section we study the equivariant cohomology of the sublevel sets introduced in the previous
section, and come to the definition of our cohomology group by taking a limit in N → ∞. In a first
step we use the identification of section 2.2 for conical spaces in order to define a natural homomor-
phism from which we derive our limit. The latter comes along with a natural so-called augmentation
map, as well as with several algebraic structures, namely the action of coefficient rings in equivariant
cohomology, as well as a Novikov action of H2(M,Z). We interpret the latter on the kernel of the
augmentation map. Finally, using transversality arguments we prove Proposition 1.2.1, whereas by
means of algebraic-topological considerations we prove Proposition 1.2.2. As above, we consider the
homogeneous generating family
FN : C
2nN × ΛN → R,
associated with a decomposition of the Hamiltonian symplectomorphism Φ
H˜
, where H˜ is a Hamiltonian
lift of a contact Hamiltonian h of V , and we fix a generic ν ∈ R. We look at the K0-equivariant
cohomology groups
H∗K0(F
−
N (ν), ∂F
−
N (ν)).
Using the notations from section 2.2, we work with the following short exact sequence
0→ C∗K0,c(F
−
N (ν), ∂F
−
N (ν))→ C
∗
K0
(F−N (ν),F
−
N (ν))→ C
∗
K0
(F−N (ν),F
−
N (ν))/C
∗
K0,c
(F−N (ν), ∂F
−
N (ν))→ 0,
and identify the cohomology of the third term with that of the complex C∗K0(F
−
N (ν), ∂F
−
N (ν)), that is
with H∗K0(F
−
N (ν), ∂F
−
N (ν)). Consider the C
nK-bundle
(F−N (ν)× C
nK)K0 → F
−
N (ν)K0 .
The Thom isomorphism of this bundle
H∗K0(F
−
N (ν), ∂F
−
N (ν)) ≃ H
∗+2nK
K0,cv
(F−N (ν)× C
nK , ∂F−N (ν)× C
nK),
and the natural homomorphism
H∗+2nKK0,cv (F
−
N (ν)× C
nK , ∂F−N (ν)×C
nK)→ H∗+2nKK0 (F
−
N (ν)× C
nK , ∂F−N (ν)× C
nK)
preserve compact supports, and therefore they induce a homomorphism
H∗K0(F
−
N (ν), ∂F
−
N (ν))→ H
∗+2nK
K0
(F−N (ν)× C
nK , ∂F−N (ν)× C
nK).
Along with Proposition 3.5.2, we obtain a homomorphism
H∗K0(F
−
N (ν), ∂F
−
N (ν))→ H
∗+2nK
K0
(F−
N+K|ΓN (ν)
, F−
N+K|∂ΓN (ν)
).
We now apply the equivariant version of the excision formula to the triple
(F−N+K(ν),F
−
N+K|ΓN+K(ν)\Γ˚N (ν)
,F−
N+K|ΓN+K(ν)\ΓN (ν)
),
23
where Γ˚N (ν) denotes the interior of ΓN (ν) (the reader interested in entering the details of this argu-
ment shall note the importance of the fact that transversality is an open condition). It induces an
isomorphism
H∗K0(FN+K|ΓN (ν),FN+K|∂ΓN (ν)) ≃ H
∗
K0
(F−N+K(ν),F
−
N+K|ΓN+K(ν)\Γ˚N (ν)
),
which preserves compact supports. Moreover, there is an inclusion of pairs
(F−N+K(ν), ∂F
−
N+K(ν)) ⊂ (F
−
N+K(ν),F
−
N+K|ΓN+K(ν)\Γ˚N (ν)
).
Putting all these maps together, we obtain a homomorphism
H∗K0(F
−
N (ν), F
−
N (ν))→ H
∗+2nK
K0
(F−N+K(ν), ∂F
−
N+K(ν)).
We will take a limit in N →∞, and therefore it will be convenient to shift the grading by 2nN . Thus
we have built a homomorphism
fN+KN : H
∗+2nN
K0
(F−N (ν), ∂F
−
N (ν))→ H
∗+2n(N+K)
K0
(F−N+K(ν), ∂F
−
N+K(ν)).
Notice that all the maps involved in the construction of fN+KN are natural in cohomology: they involve
topological inclusions, the excision formula, the Thom isomorphism, and the deformation of Proposition
3.5.2. In particular, we have the following cocycle condition
fN+K+K
′
N+K ◦ f
N+K
N = f
N+K+K ′
N .
Definition 3.6.1. We define the cohomology of H˜ of level ν as the limit
H∗K0(F
−(ν)) := lim
N→∞
H∗+2nNK0 (F
−
N (ν), ∂F
−
N (ν)).
Remark 3.6.1. This definition is independent of the choice of a sequence {ΛN}N . Indeed, for any
other sequence of cubes {Λ′N}N , and for any N , there exists N
′ such that ΛN ⊂ Λ
′
N ′ . Applying the
Thom isomorphism and the excision formula, one can then build a homomorphism from one limit to
the other, and similarly in the other direction which, by naturality, are inverse of one another.
The above limit comes along with certain structures. First, note that there is an inclusion of
pairs (F−N (ν), ∂F
−
N (ν)) ⊂ (F
−
N (ν), ∂F
−
N (ν)), and the latter is equivariantly homotopic to the pair
(ΓN (ν), ∂ΓN (ν)). In particular, there is a natural homomorphism
H∗K0(ΓN (ν), ∂ΓN (ν))→ H
∗
K0
(F−N (ν), ∂F
−
N (ν)).
We denote H∗K0(ν) the limit
H∗K0(ν) := limN→∞
H∗+2nNK0 (ΓN (ν), ∂ΓN (ν)),
and call the induced homomorphism
H∗K0(ν)→ H
∗
K0
(F−(ν))
the augmentation map. Note that the groups H∗K0(F
−(ν)) and H∗K0(F
−(ν)) inherit from there finite
parts the structure of H∗K0(pt)-modules, and that the augmentation map is a module homomorphism.
We denote J ∗K0(F
−(ν)) its kernel. Recall that under the isomorphism H2(M,Z) ≃ k∗Z from equation
(2), the first Chern class c of M writes
c(m) =
n∑
j=1
mj , for any m ∈ kZ, ι(m) = (m1, ...,mn).
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Notice moreover that since ν is generic and the front LN of FN is kZ-invariant (Remark 3.2.1), all
translations ΓN (ν) +m and ∂ΓN (ν) +m by elements m ∈ kZ are transversal to LN , for any N . Thus
we can apply Proposition 3.5.2, replacing 0 with m ∈ kZ, and along with the Thom isomorphism and
the excision formula we obtain a homomorphism in equivariant cohomology
H∗+2nNK0 (F
−
N (ν), ∂F
−
N (ν))→ H
∗+2n(N+K)+2c(m)
K0
(F−N+K(ν + p(m)), ∂F
−
N+K(ν + p(m))).
In the limit N →∞, we obtain
H∗K0(F
−(ν))→H
∗+2c(m)
K0
(F−(ν + p(m))).
It is an isomorphism (with inverse given by applying Proposition 3.5.2 replacing 0 with −m), which
reflects the Novikov action of H2(M,Z). The latter induces an isomorphism between the kernels
J ∗K0(F
−(ν)) ≃ J
∗+2c(m)
K0
(F−(ν + p(m))). (9)
Notice that the torus K0 acts trivially on the pair (ΓN (ν), ∂ΓN (ν)), and therefore the cohomology
group H∗K0(ΓN (ν), ∂ΓN (ν)) is a free H
∗
K0
(pt)-module of rank 1 generated by the fundamental cocycle
of the sphere ΓN (ν)/∂ΓN (ν). Under this identification, the homomorphism
H∗+2nNK0 (ΓN (ν), ∂ΓN (ν))→ H
∗+2n(N+K)+2c(m)
K0
(ΓN+K(ν + p(m)), ∂ΓN+K(ν + p(m)))
is simply the multiplication by the Euler class of the bundle
(CnK+c(m))K0 → BK0.
Recall the Chern-Weil isomorphism
H∗Tn(pt) ≃ C[u1, ..., un].
Under the surjective ring homomorphism
H∗Tn(pt)→ H
∗
K0
(pt),
the Euler class of the above bundle is given by uK+m11 ...u
K+mn
n . In the limit N →∞, this implies that
the isomorphism (9) is the multiplication by um11 ...u
mn
n (in Proposition 4.2 we will see that H
∗
K0
(ν) is
the ring of regular functions on (k0⊗C)∩(C
×)n, which will in particular clarify why this multiplication
makes sense).
To close this section, we now prove Propositions 1.2.1 and 1.2.2. They are included here only for
the sake of completeness, for they are similar to the proofs of [Giv95, Propositions 6.2, 6.3].
Proof. (Proposition 1.2.1) Assume that [ν0, ν1]∩ Spec(φh) = ∅. For any ν ∈ [ν0, ν1] and any N , ΓN (ν)
is transversal to the front LN . Moreover, the set of generic ν is of full measure. Let ν ∈ [ν0, ν1] be
in this set. Since transversality is an open condition, by Proposition 2.1.3, there exists ǫ > 0 and a
K0-equivariant homotopy equivalence
(F−N (ν + ǫ), ∂F
−
N (ν + ǫ)) ≃ (F
−
N (ν − ǫ), ∂F
−
N (ν − ǫ)).
In the limit N →∞ of K0-equivariant cohomology groups, this yields an isomorphism
H∗K0(F
−(ν + ǫ)) ≃ H∗K0(F
−(ν − ǫ)).
Choosing a finite subcovering of [ν0, ν1] by such segments [ν − ǫ, ν + ǫ] yields an isomorphism
H∗K0(F
−(ν1)) ≃ H
∗
K0
(F−(ν0)),
as claimed.
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Proof. (Proposition 1.2.2) We rephrase the statement as follows: suppose that q1 ∈ H
∗
K0
(F−(ν1)) and
q0 ∈ H
∗
K0
(F−(ν0)) are the images of q under the augmentation maps:
q ∈ R0 H
∗
K0
(F−(ν1)) ∋ q1
H∗K0(F
−(ν0)) ∋ q0.
Then q0 = 0 implies vq1 = 0.
Without loss of generality, we can assume that ν0 = ν−ǫ, ν1 = ν+ǫ, and that there is only one K0-
orbit of fixed points associated with ν. Using Proposition 2.1.3, one can show that for any N , the pair
(F−N (ν0), ∂F
−
N (ν0)) is embedded into (F
−
N (ν1), ∂F
−
N (ν1)) as the complement of a neighborhood to the
K0-orbit of critical points of pˆN . There exists a non-zero representative qˆ ∈ H
∗
K0
(F−N (ν1), F
−
N (ν1)) of q1
(otherwise q1 = 0 and the statement is trivial) which vanishes when restricted to (F
−
N (ν0), ∂F
−
N (ν0)).
In particular, qˆ is the image of some element α ∈ H∗K0(F
−
N (ν1), F
−
N (ν0)) under the long exact sequence:
. . . −→ H∗K0(F
−
N (ν1), F
−
N (ν0))
f
−→ H∗K0(F
−
N (ν1), ∂F
−
N (ν1)) −→ H
∗
K0
(FN (ν0), ∂F
−
N (ν0)) −→
H∗+1K0 (F
−
N (ν1), F
−
N (ν0)) −→ . . . .
The torus K0 acts freely in a neighborhood of the K0-orbit of critical points of pˆN (since M is com-
pact), hence the equivariant cohomology H∗K0(F
−
N (ν1), F
−
N (ν0)) is simply the singular cohomology
H∗(F−N (ν1)/K0, F
−
N (ν0)/K0). Now, the coefficient ring H
∗
K0
(pt) acts by 0 on the usual cohomology,
and thus
vα = 0 and vqˆ = f(vα) = 0.
4 The Gysin sequence
In the previous section we have seen two algebraic actions on the kernel J ∗K0(F
−(ν)), namely of
the ring H∗Tn(pt), and the Novikov action of H2(M,Z). In order to prove Proposition 1.2.3, which is
the last result needed to complete the proof of Theorem 1.1.1, we shall describe J ∗K0(F
−(ν)) in a more
instrinsic way, at least when the homogeneous generating family FN is associated with a decomposition
of the Hamiltonian symplectomorphism Φ0 = IdCn , 0 being a Hamiltonian lift of the trivial contact
Hamiltonian 0 on V . In this case, up to a reparametrization of the decomposition, the function F
(N)
λ
is simply the generating function G
(N)
λ associated with the decomposition
exp(
λ
2N
) ◦ ... exp(
λ
2N
)︸ ︷︷ ︸
2N−times
,
as defined in section 3.3.1, so we shall use the notations GN := FN and GN := FN . Note that for any
λ ∈ ΛN , G
(N)
λ is K-invariant, so that one can consider either the K0-equivariant cohomology groups
H∗K0(G
−
N (ν), ∂G
−
N (ν)), or the K-equivariant cohomology groups H
∗
K(G
−
N (ν), ∂G
−
N (ν)). In this last case,
the functions fN+KN from section 3.6 can still be constructed in the exact same way as above, and one
can define limits of K-equivariant cohomology groups:
H∗K(G
−(ν)) := lim
N→∞
H∗+2nNK (G
−
N (ν), ∂G
−
N (ν))
H∗K(ν) := lim
N→∞
H∗+2nNK (ΓN (ν), ∂ΓN (ν)).
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The latter inherit the structure of H∗K(pt)-modules, and therefore of H
∗
Tn(pt)-modules as well, through
the surjective homomorphism
H∗Tn(pt)→ H
∗
K(pt).
In [Giv95], Givental showed that the augmentation map
H∗K(ν)→H
∗
K(G
−(ν))
has trivial cokernel, and he described its kernel in terms of Newton diagrams associated with the
level p−1(ν) (see [Giv95, Proposition 5.4]). We will see now that there is a Gysin-type long exact
sequence relating the cohomology groups H∗K(G
−(ν)) of Givental [Giv95] to our cohomology groups
H∗K0(G
−(ν)). Gysin sequences were already used in symplectic topology to relate different kinds of
Floer-type homologies, for instance in [Per08], [BO13], [BK13]. We give here another example of
such a use, and by further analyzing the maps involved, we will be able to describe the kernel of the
augmentation map H∗K0(ν)→ H
∗
K0
(G−(ν)). Recall that given any oriented S1-bundle π : E →M , the
cohomology groups of E and M are related by the Gysin long exact sequence
. . . −→ H∗(M)
∪eu
−→ H∗+2(M)
π∗
−→ H∗+2(V )
π∗−→ H∗+1(M) −→ . . . ,
where eu ∈ H2(M) is the Euler class of the bundle π, ∪ denotes the cup-product, π∗ is the pull-back
and π∗ the push-forward.
For the sake of clarity, we will use the notation H∗Tn(pt) ≃ C[u], where u = (u1, ..., un). Let I
(resp. I0) denote the ideal of C[u] generated by polynomials vanishing on the complexified Lie algebra
k⊗ C ⊂ Cn (resp. k0 ⊗ C ⊂ C
n). There are natural isomorphisms
H∗K(pt) ≃ C[u]/I and H
∗
K0
(pt) ≃ C[u]/I0.
In other words, H∗K(pt) (resp. H
∗
K0
(pt)) is the ring of regular functions on k⊗C (resp. k0⊗C). Recall
that the ring of regular functions on the complex torus (C×)n is given by C[u, u−1]. Let us denote
R and R0 the rings of regular functions on the intersections (k ⊗ C) ∩ (C
×)n and (k0 ⊗ C) ∩ (C
×)n
respectively. We have
R = C[u]/I ⊗ C[u, u−1] ≃ C[u, u−1]/IC[u, u−1]
and
R0 = C[u]/I0 ⊗ C[u, u
−1] ≃ C[u, u−1]/I0C[u, u
−1].
Let J∗(ν) denote the C[u]-submodule of C[u, u−1] generated by monomials whose degrees lie in kZ
above the level p−1(ν):
J∗(ν) := 〈uι(m) | m ∈ tZ, p(m) ≥ ν〉, ι(m) = (m1, ...,mn), (10)
and let J ∗K(ν) denote its projection to R. Givental proved the following
Proposition 4.1 ([Giv95] Proposition 5.4). There are isomorphisms
H∗K(ν) ≃ R and H
∗
K(G
−(ν)) ≃ R/J ∗K(ν).
We denote J ∗K0(ν) the projection of J
∗(ν) to R0. We claim that J
∗
K0
(ν) is the kernel J ∗K0(G
−(ν))
of the augmentation map
H∗K0(ν)→H
∗
K0
(G−(ν)).
Note that if EG → BG denotes the universal bundle associated with a Lie group G, then EK0 may
be thought as EK, since K0 acts freely on the latter and it is contractible. Therefore, one can define
the homotopy quotient (G−N (ν))K0 by
(G−N (ν))K0 := (G
−
N (ν)× EK)/K0,
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and construct the following principal S1 := K/K0-bundle:
πN : (G
−
N (ν))K0 → (G
−
N (ν))K.
In relative cohomology, one can then relate the K-equivariant and K0-equivariant cohomology groups
above by the Gysin sequence
. . . −→ H∗+2nNK (G
−
N (ν), ∂G
−
N (ν))
∪eu
−→ H∗+2nN+2K (G
−
N (ν), ∂G
−
N (ν))
π∗
N−→
H∗+2nN+2K0 (G
−
N (ν), ∂G
−
N (ν))
πN∗−→ H∗+2nN+1K (G
−
N (ν), ∂G
−
N (ν)) −→ . . . .
Let us interpret the Euler class eu in this sequence. The classifying map of the bundle πN is of the
form
lN : (G
−
N (ν))K → B(K/K0).
Moreover, the group H∗(B(K/K0)) can be identified with the polynomial algebra C[(k/k0)
∗] ≃ C[p]
(here p is assigned the degree 2, and is viewed as a C-valued functional on k⊗C). In relative equivariant
cohomology, one gets a map
l∗N : C[p]→ H
∗
K(G
−
N (ν), ∂G
−
N (ν)).
The Euler class in the above Gysin sequence is thus given by the pull-back l∗N (p) of the regular value
p by the classifying map lN . The other two maps involved are the pull-back π
∗
N and the push-forward
πN∗. The latter are canonical, and therefore they commute with the limit N →∞. Moreover, the cup-
product by the Euler class is functorial. Since directs limits of exact sequences are exact sequences,
we obtain a Gysin sequence in the limit N →∞:
. . . −→ H∗K(G
−(ν)) −→ H∗+2K (G
−(ν)) −→ H∗+2K0 (G
−(ν)) −→ H∗+1K (G
−(ν)) −→ . . . .
The same applies for the equivariant cohomology groups of the pair (ΓN (ν), ∂ΓN (ν)), for which the
Gysin sequence in the limit is given by
. . . −→ H∗K(ν) −→ H
∗+2
K (ν) −→ H
∗+2
K0
(ν) −→ H∗+1K (ν) −→ . . . . (11)
Proposition 4.2. There is a natural isomorphism
H∗K0(ν) ≃ R0.
Proof. By Proposition 4.1, H∗K(ν) is the ring R of regular functions on the intersection (k⊗C)∩(C
×)n.
The latter is an irreductible variety, and thus there are no zero divisors in H∗K(ν). In particular, the
map induced in the limit by the cup-product with the Euler class is injective. This reduces the Gysin
sequence (11) to the following short exact sequence
0 −→ H∗K(ν) −→ H
∗+2
K (ν) −→ H
∗+2
K0
(ν) −→ 0.
Now, for any N , recall that the torus K acts trivially on the pair (ΓN (ν), ∂ΓN (ν)). This makes
H∗K(ΓN (ν), ∂ΓN (ν)) into a free H
∗
K(pt)-module of rank 1, generated by the fundamental cocycle of
the sphere ΓN (ν)/∂ΓN (ν) (see section 3.6). The same applies for the action of K0, and therefore the
principal S1-bundle to be considered here reduces to
BK0 → BK.
In cohomology, this map becomes C[k∗]→ C[k∗0]. For the map l
∗ : C[k∗]→ C[p] induced in cohomology
by the classifying map in this case, the Euler class l∗(p) is simply the generator of the kernel k∗ → k∗0,
that is p. Thus in H∗K(ν), the map induced by the cup-product with the Euler class is simply the
multiplication by p. By the very definition of I0 and I, one gets
H∗K0(ν) ≃ R/pR ≃ R0.
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Remark 4.1. Notice that if M = CPn, then k = R, and k0 = {0}. Therefore I0 = C[u, u
−1], and
R0 = {0}. Moreover, the Euler class p in this case is the generator v of R ≃ C[v, v
−1], and thus it is
invertible. Therefore the Gysin sequence in the limit N →∞ gives H∗K0(ν) = {0}.
By the above discussion, we have the following commutative diagram
...
0 0 H∗+1K0 (G
−(ν))
0 J ∗K(ν) H
∗
K(ν) H
∗
K(G
−(ν)) 0
0 J ∗+2K (ν) H
∗+2
K (ν) H
∗+2
K (G
−(ν)) 0
0 J ∗+2K0 (G
−(ν)) H∗+2K0 (ν) H
∗+2
K0
(G−(ν))
0 0 H∗+1K (G
−(ν)).
...
p p
f g h
The vertical right and middle sequences are Gysin sequences, and the horizontal sequences are induced
by the augmentation maps. Note that the left vertical sequence is not necessarily exact at the middle
term. The diagram is clear from the discussion above, except for the surjectivity of the map f . From
the two bottom rows of the diagram and the snake lemma, we have the following short exact sequence:
0 −→ ker f −→ ker g −→ kerh −→ cokerf −→ 0.
The homomorphism ker g → kerh is simply the surjection ∪l∗(p)H∗K(ν) → ∪l
∗(p)H∗K(G
−(ν)), where
∪l∗(p) denotes the map induced in the limit N → ∞ by the cup-product with the Euler class (on
H∗K0(ν), as we’ve seen above, it is the multiplication by p). We conclude that f is onto. In particular,
the kernel J ∗K0(G
−(ν)) is the image of J ∗K(ν) ⊂ H
∗
K(ν) under the map g. In other words, it is the
projection to R0 of the module J
∗(ν):
J ∗K0(G
−(ν)) ≃ J ∗K0(ν).
5 Elements of minimal degree in the monotone case
The proof of Theorem 1.1.1 relies on a strong algebraic property of the kernel J ∗K0(F
−(ν)). In the
K-equivariant case, Givental showed that the kernel J ∗K(F
−(ν)) of the augmentation map
R ≃ H∗K(ν)→H
∗
K(F
−(ν))
admits, in some sense, elements of minimal degree ([Giv95, Corollary 1.3]). It appears that this is not
always true for the K0-equivariant kernel J
∗
K0
(F−(ν)) when the manifold is a prequantization space
over a toric manifold. For instance, if (M,ω) is CP 1×CP 1 endowed with the non-monotone symplectic
form whose cohomology class is, say, p = (1, 2) ∈ Z2∗ ≃ k∗Z, the prequantization space (V, ξ := kerα)
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and the cohomology group H∗K0(F
−(ν)) can be constructed as above, but the kernel J ∗K0(ν) of the
augmentation map
R0 →H
∗
K0
(G−(ν))
in this case is the whole ring R0. In this section, we prove that a similar statement as [Giv95, Corollary
1.3] holds for J ∗K0(F
−(ν)), provided that the toric manifold (M,ω) is monotone. To that aim, we start
by bounding J ∗K0(F
−(ν)) from below and above with the projections to R0 of two modules of a form
similar to that from equation (10). This simplifies the analysis of J ∗K0(F
−(ν)) to that of much explicit
modules. The proof of Proposition 1.2.3 is then a careful analysis of the degrees of the polynomials in
these submodules.
Assume that (M,ω) is monotone. Recall that through the isomorphism H2(M,R) ≃ k∗ of Remark
3.1.1, the regular value p represents the cohomology class of ω. Suppose that p is integral and primitive,
and let NM denote the minimal Chern number of M . Then we have
p =
c
NM
.
Let (V, ξ := kerα) be the prequantization space over (M,ω) constructed in section 3.1.3, h be a
contact Hamiltonian on V , and h a lift of h to the sphere Sp from equation (8). Given two constants
c−, c+ ∈ R such that c− < h < c+, we denote H−, H+ be the quadratic Hamiltonians on C
n generating
respectively the Hamiltonian symplectomorphisms
ΦH−(z) = exp(c−
b
p(b)
)z and ΦH+(z) = exp(c+
b
p(b)
)z.
If H˜ is the Hamiltonian lift of h obtained from extending h to Cn, we have naturally
H− < H˜ < H+,
and for ν− := ν + c− < ν < ν+ := ν + c+, this yields inclusions of pairs
(G−N (ν−), ∂G
−
N (ν−)) ⊂ (F
−
N (ν), ∂F
−
N (ν)) ⊂ (G
−
N (ν+), ∂G
−
N (ν+)),
and thus homomorphisms
H∗K0(G
−
N (ν+), ∂G
−
N (ν+))→ H
∗
K0
(F−N (ν), ∂F
−
N (ν))→ H
∗
K0
(G−N (ν−), ∂G
−
N (ν−)).
If ν−, ν and ν+ are generic, we obtain homomorphisms in the limit N →∞:
H∗K0(G− (ν+))→ H
∗
K0
(F−(ν))→H∗K0(G
−(ν−)),
which lead to inclusions of kernels
J ∗K0(ν+) ⊂ J
∗
K0
(F−(ν)) ⊂ J ∗K0(ν−).
Note that as in [Giv95, equation (5.5)], for any ν ∈ R, the C[u]-module J∗(ν) from equation (10) lies
between two modules of the form
Jr := 〈u
ι(m) | m ∈ kZ, p(m) ≥ r〉.
More precisely, one can find r− < r+ such that we have inclusions
Jr+ ⊂ J
∗(ν+) ⊂ J
∗(ν−) ⊂ Jr− .
The latter lead to inclusions
J 0r+ ⊂ J
∗
K0
(F−(ν)) ⊂ J 0r− ,
where J 0r± denote the images of Jr± by the quotient map C[u, u
−1]→ C[u, u−1]/I0C[u, u
−1] ≃ R0.
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Proof. (Proposition 1.2.3). Step 1: in Step 5 we will use a dimensionality result from [Giv95], which
holds for the ideal C[u] ∩ Jr + I. In our case, we will deal with the ideal C[u] ∩ Jr + I0, which we now
relate to the module J 0r . Consider the projection
pr : C[u] ⊂ C[u, u−1]→ C[u, u−1]/I0C[u, u
−1] ≃ R0.
For r ∈ R, the preimage pr−1(J 0r ) is the intersection of C[u] with the preimage of J
0
r by the quotient
map C[u, u−1]→R0, which equals Jr + I0C[u, u
−1]. Therefore, we have
pr−1(J 0r ) = C[u] ∩ (Jr + C[u, u
−1]I0) ⊃ C[u] ∩ Jr + I0.
Step 2. Here we show that all the polynomials in Jr have minimal degree rNM . For m ∈ kZ, we saw
that p(m) = 1
NM
n∑
i=1
mi. Then Jr consists of polynomials whose monomials are of the form u
ι(m)+m′ ,
where m ∈ kZ is such that p(m) ≥ r, and m
′ = (m′1, ...,m
′
n) ∈ Z
n
≥0. In particular, we have
n∑
i=1
mi +
n∑
i=1
m′i ≥
n∑
i=1
mi = p(m)NM ≥ rNM .
Therefore, letting C[u, u−1]≥d denote the submodule generated by monomials of total degree at least
d, we obtain
Jr ⊂ C[u, u
−1]≥rNM .
Step 3. Here we show that, for the notion of degree induced on R0 by that on C[u, u
−1], the elements
of the module J 0r have minimal degree rNM . The quotient map C[u, u
−1] → C[u, u−1]/I0C[u, u
−1] is
the restriction map from the ring of regular functions on the complex torus (C×)n to the ring of regular
functions on the intersection (k0 ⊗ C) ∩ (C
×)n. If f is a homogeneous regular function of degree d on
(C×)n, then C× acts on f by µ.f = µdf , for any µ ∈ C×. This characterizes entirely the degree of
f . Moreover, C× acts on the ring of regular functions on (k0 ⊗ C) ∩ (C
×)n in the same way, and the
restriction is equivariant with respect to this action. This means that f restricts to a regular function
on (k0 ⊗ C) ∩ (C
×)n which is of same degree, or equals 0. Thus, if R≥d0 denotes the ring of regular
functions of degree at least d on (k0 ⊗ C) ∩ (C
×)n, we have
J 0r ⊂ R
≥rNM
0 .
Step 4. It is clear from the definition of Jr that for any b ∈ kZ, we have ubJr = Jr+r0 , where r0 = p(b).
In particular
ubJ 0r = J
0
r+r0 .
Therefore we can "move J 0r above a certain minimal degree". This will serve us in Step 5. Pick b ∈ kZ
such that (r− + r0)NM ≥ 1. Then
ubJ 0r− = J
0
r−+r0 ⊂ R
≥(r−+r0)NM
0 ⊂ R
≥1
0 .
In particular 1 /∈ ubJ 0r−, which means that 1 ∈ C[u] is not mapped to u
bJ 0r− by the projection
pr : C[u]→R0, and thus is also not mapped to u
bJ ∗K0(F
−(ν)) ⊂ ubJ 0r− .
Step 5. Let
A := {ua ∈ C[u] | pr(ua) /∈ ubJ ∗K0(F
−(ν))}.
In the previous step we saw that 1 = u0 ∈ A, so A 6= ∅. We claim that the maximal degree
n∑
i=1
ai of any
element of A is bounded from above. Since ubJ 0r+ ⊂ u
bJ ∗K0(F
−(ν)), we see that pr(ua) /∈ ubJ ∗K0(F
−(ν))
implies pr(ua) /∈ ubJ 0r+ = J
0
r , where r = r+ + r0. Thus
ua /∈ pr−1(J 0r ) ⊃ C[u] ∩ Jr + I0, and u
a /∈ C[u] ∩ Jr + I0.
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Therefore, A lies in the complement in C[u] of the ideal C[u] ∩ Jr + I0. By [Giv95, Proposition 1.2],
the zero set Z(C[u]∩ Jr + I) of the ideal C[u]∩ Jr + I has at most one point, the origin. Since I0 ⊃ I,
we have
Z(C[u] ∩ Jr + I0) ⊂ Z(C[u] ∩ Jr + I) ⊂ {0}.
By the Nullstellensatz, this implies that for every i, there exists mi ≥ 0 such that u
mi
i ∈ C[u]∩Jr+ I0,
and it is easy to see that every monomial of total degree ≥
n∑
i=1
mi must then also belong to the ideal.
The conclusion is that C[u]∩ Jr + I0 contains all monomials of sufficiently high degree, and as a result
the maximal degree of a monomial ua ∈ A is bounded from above.
Conclusion. Let ua ∈ A have maximal degree. Then uiu
a /∈ A for all i = 1, ..., n. This means
that ua /∈ ubJ ∗K0(F
−(ν)), while uiu
a ∈ ubJ ∗K0(F
−(ν)). Therefore q = ua−b ∈ R0 \ J
∗
K0
(F−(ν)), but
uiq ∈ J
∗
K0
(F−(ν)) for all i = 1, ..., n, as claimed.
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